Abstract-We delelop a general formulation for the free energy of a hot Fermionic plasma confined in an arbitrary smooth potential barrier and a weak magnetic field. The well-known Wigner-Kirkwood expansion turns out to be a powerful computational technique in our investigation. The explicit formulae obtained enable one to calculate exchange and confining effects on barious physical properties of such sqstems. As an example. they are applied to calculations of exchange and confining corrections to the diamagnetic susceptibility and the specific heat. We also construct some examples by simple choices of the confining potential barrier.
DENSE and hot plasma, consisting of Fermions and confined in some sort of potential barrier, is often encountered in many physical situations, e.g. certain stellar interior and laser-produced-fusions. This system has been studied by computer-simulations in the case where classical statistical mechanics are valid (BRUSH el al., 1966; POLLOCK and HANSEN, 1973) . In the near-classical region, quantum corrections can be calculated by using the Wigner-Kirkwood expansion (WIGNER. 1932; KIRK-WOOD, 1933; HILLERY et al., 1984) , which expresses the quantum effects in powers of the Plank's constant. But the Wigner-Kirkwood method is within the framework of Boltzmann statistics, therefore does not include the exchange effect in a Fermionic plasma. HANSEN and VIEILLEFOSSE (1975) qualitatively argued that the exchange correction is very small in comparison with the direct quantum corrections, if the Fermions interact with each other via Coulomb repelling force. After explicit calculation JANCOVICI (1978) showed that, for an electron plasma the exchange effect is indeed exponentially small when the temperature is much lower than 5 x lo4 K. A simple explanation of this result is that electrons can exchange only when they approach one another close enough (within a de Broglie wavelength, say), while their thermal energy is not sufficient to overcome the Coulomb repulsion at low temperatures. The work mentioned above has been extended to the same system in the presences of low and high magnetic fields (JETWINGS and BHADURI, 1976; ALASTUEY and JANCOVICI, 1979, 1980; ALASTUEY, 1982; APENKO and LOZOVIK, 1984) .
The purpose of present paper is to extend the Wigner-Kirkwood method to include exchange corrections. Then we shall apply this formulation to the system where exchange effects are appreciable. In other words, we are now interested in systems consisting of uncharged Fermions, or with very high temperatures ( T 2
In the next section, we present the general formulation in the weak magnetic field 5 x 104 K). limit, which is then applied to a calculation of the diamagnetic susceptibility. The result is illustrated further with explicit choices of the confining potential barrier. Similar corrections to the specific heat are also briefly discussed. Finally, concluding remarks are presented in Section 5. (3) often involves analytic or numerical solution of the Schrodinger equation and summation of infinite series, which is, in most cases, very difficult. In order to avoid the direct computation of the energy levels of the system, WIGNER (1 932) pioneered the development of the phase-space formulation of quantum mechanics, so as to provide a framework for the treatment of quantum mechanical problems in terms of classical concepts. For example, in the high temperature limit, the Wigner-Kirkwood expansion (WIGNER, 1932; KIRKWOOD, 1933 ) is a very useful tool to evaluate the Boltzmann partition function. In the absence of a magnetic field, to the order of ti4, the expansion reads (JENNINGS and BHADURI, 1976) where U is the confining potential. The superscript "4" denotes order ti4 and the subscript "0" denotes the absence of a magnetic field (which will be considered later). It has also been shown that this expansion is helpful to calculations in the low temperature limit (WANG and O'COYNELL. 1986 ).
We should notice that the definition of Z(P) [equation (3)] is larger than the conventional definition by a factor of g,, which explains the differences of equations (5) and (7) from the original ones [equation (21) in SONDHEIMER and WILSON, 1951, and equation (21) in JEYYINGS and BHADURI, 19761. In the following discussions we shall use the Sondheimer-Wilson relation [equations (4) and (5)] to derive corrections to the free energy due to Fermi statistics in the high temperature limit.
In order to keep W finite as / 3 -+ 0, we need U = epp -+ 0. Expanding f b in terms of U , we obtain Substituting equation (8) into equation ( 5 ) , and using equation (4) we get We now invert equation (2) to obtain, to order Z-"(P), and thus Substitutions of equation (10) and (1 1) into equation (9) give where the Stirling formula ln (AT e)" z In N ! has been used and the superscripts 2 and 3 corresponding to the powers of N in the numerator.
We notice that the first term in equation (12) is the free energy of N non-interacting Boltzmann particles. So we conclude that the correction terms A(2) and A(3J are due to the use of Fermi statistics (the exchange effect). A(2) dominates at high temperatures and is always positive. Thus the free energy is enhanced by exchange effect, because the number of particles in the lower energy levels are limited by the Pauli principle. These general results will now be used to calculate the exchange corrections to the magnetic susceptibility in the presence of an arbitrary confining potential.
The corrections to the specific heat will also be briefly discussed later.
T H E W E A K M A G N E T I C F I E L D L I M I T
In the weak magnetic field limit, the corresponding Wigner-Kirkwood expansion has been derived by JENNINGS and BHADURI (1976) . To the order of B 2 , where B is the magnetic field, it reads as follows:
where we have defined for an arbitrary function Q. In addition, the subscript "B" indicates the expansion with magnetic field. From equation (7) we have T o calculate the correction to the magnetic susceptibility, we shall substitute equation (15) into equation (13) The sought after correction to the magnetic susceptibility can be readily calculated:
Similarly the correction term corresponding to A(3' is where We find from equation ( 2 3 ) and (24) that the dominant correction to the diamagnetic susceptibility is where is t i e Landau value. We will now consider some explicit examples to ascertain the magnitude of this correction.
A. Zero-surface-potential limit
Suppose the total volume is V , The classical partition function in free space is
The combination of equations (27) and (29) gives the correction to the Landau value due to exchange effect:
where n = Ni V is the number of particles per unit volume, To = po]k and po are the Fermi temperature and Fermi energy a t absolute zero, respectively. Equation (30) is the same as the result obtained by DINGLE [1952, equation (6. 3)] and, as we have shown, it is a particular case (corresponding to zero surface potential) of equation (27).
B.
Isotropic harmonic-oscillator potential 1 2 We will here consider U = --mo2r2, isotropic in forward to show that where three dimensions. It is straightis the first order surface effect obtained by using Boltzmann statistics, according to equation (27) in (JENNNGS and BHADURI, 1976 ).
Depending on the particle density, the exchange correction 6 may be significant when N is not too small.
C. Thomas potential
If the boundary of the plasma is slab-like, one may use a one-dimensional perturbed harmonic potential, originally introduced by THOMAS (1973) , to describe the confining barrier:
If the surface area of the slab is S, to the first order in the anharmonicity i,, the correction is where n, = N / S is the number of particles per unit area. Because of the P-factor in the denominator, one finds that the anharmonic perturbation can be important at high temperatures.
S P E C I F I C H E A T C O R R E C T I O N S
We wish to briefly discuss the corrections to the specific heat. In order to do so, we need to include those B-independent terms in the corrections to the free energy, which we have ignored. In general, the free energy in the high temperature limit can be written as follows
where is the free energy in the absence of an external potential, is the lowest order surface correction using Boltzmann statistics and is the lowest order supplementary correction when Fermi statistics is considered. Here AL2) is given by equation (19) and Ab2), which is the correction term in the absence of magnetic field, can be obtained by combining equations (13) and (17):
The specific heat is readily evaluated by using relation:
where (C,),, (A("CJ and (A(2)CJ correspond to F,, A(l) and A(2) in equation (40), respectively. The explicit forms of (A(')CL) and (A(2)CJ are very lengthy and therefore will be omitted here.
C O N C L U S I O N S A N D D I S C U S S I O N S
We have obtained analytic expressions for the free energy of a hot Fermionic plasma with the presence of an arbitrary smooth potential and a weak magnetic field. The formulae derived were applied to calculate the surface and exchange corrections to the diamagnetic susceptibility. Detailed discussions for the susceptibility problem were given by various special choices of the surface potential barrier. It was found that these corrections are, in general, small in comparison with the direct quantum corrections.
The general formulation developed can be readily used to compute exchange and surface effects on other physical quantities. As a demonstration, we have briefly discussed the specific heat for the system. More detailed calculations, like those we performed for the diamagnetic susceptibility, can be carried out following the outline given by us.
In what follows, we wish to remark that the present investigation has been performed in somewhat limited range. First of all, we have discussed only the so-called static properties of the system. The dynamical theory of plasma was strongly extended recently through a non-linear-response-function approach (GOLDEN et al., 1985) . Secondly, we have made the assumption that the plasma is everywhere homogeneous, which is obviously not true in practical situations. Many different confinement techniques have been employed in fusion experiments. For instance, there exist magnetic confinement (NICHOLSON, 1983) , electrostatic confinement (HIRSCH, 1967) , caviton confinement (HANDEL, 1985) . The confining force acting on the plasma are, in general, nonlinear and inhomogeneous (HORA et al., 1984; HORA, 1985) , which in turn makes the plasma inhomogeneous. This effect can be taken into account by replacing the total number of particles N in equation (19) by an integration involving the corresponding number-density-distribution function which can be determined by solving the equation of state for the plasma (GHATAK and ELIEZER, 1984) .
So far we have restricted our attention to the weak magnetic field limit. As experimental techniques develop, the strength of the magnetic fields that become available in laboratories increases very rapidly. A similar formalism in the strong magnetic field case can be developed, which we wish to attempt in our future work.
